Highlights

Exact shadowability constant for normal hyperbolic linear operators

Formula combines stable and unstable spectral gaps quadratically

Sharp two-sided bound relating shadowability to hyperbolicity margin

Normalized constant depends only on the balance of the two gaps

The sharp constants 1 and \/2 are both attained



Sharp Shadowability Bounds for Normal Hyperbolic
Linear Operators

Zisong Yuan®*

@School of Mathematical Sciences, Beihang University, Beijing 100191, China

Abstract

Let A be an invertible normal hyperbolic operator on a complex Hilbert
space H. We obtain an exact spectral formula for the optimal uniform shad-
owability constant Shad(A), sharpening the general additive Green-operator
estimates to a Euclidean combination of the stable and unstable spectral
contributions. If both spectral components are nonempty, set

a(A) =1 —max{|A|: A € a(4), || < 1},
and

B(A) =min{|A\| : A€ a(A), |\ >1} -1
We prove the exact formula

Shad(A) = (a(A)™2 + B(A)2)"?,
with the corresponding one-sided formulas when only one spectral component
is present.
We further relate this exact constant to the robustness of hyperbolic-

ity. Let mhyp(A) denote the operator-norm distance from A to the loss of
hyperbolicity. We obtain the sharp universal ratio

1 < 7yp(A) Shad(A4) < V2.
Both constants are optimal. In the mixed case,

min{a(4), 3(4)})*
b (max{a<A>,ﬁ<A>}>

1/2

Thyp(A) Shad(A) =
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Thus the normalized shadowability constant is determined exactly by the
relative balance of the stable and unstable spectral gaps.
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1. Introduction

The shadowing property is a fundamental notion in dynamical systems
that describes whether approximate trajectories can be uniformly traced by
exact trajectories. In the setting of linear dynamics, shadowing is closely
related to spectral hyperbolicity, although the relationship becomes substan-
tially more subtle in infinite-dimensional spaces. It is classical that every
invertible hyperbolic operator on a Banach space has the shadowing prop-
erty; see [1, 2| and also [3]. The converse, however, fails in general in infinite
dimensions: Bernardes, Cirilo, Darji, Messaoudi and Pujals constructed non-
hyperbolic invertible operators with the shadowing property, thereby exhibit-
ing a phenomenon that has no direct finite-dimensional analogue [4]. Subse-
quent work has further investigated generalized hyperbolicity and shadowing
for classes of operators on function and sequence spaces |5, 6].

For the class of normal operators the qualitative question is completely
settled. Mazur proved that a normal operator on a Hilbert space is hyperbolic
if and only if it has the shadowing property, by reducing the problem, through
the spectral theorem, to multiplication operators |7]; a streamlined proof is
given in [4, Corollary 28|, where the positive shadowing property is also
treated for not necessarily invertible normal operators. More recently, Pituk
obtained a spectral characterization valid for every invertible Hilbert-space
operator, showing that the shadowing property is equivalent to the right
spectrum being disjoint from the unit circle [8]. Since the right spectrum
of a normal operator coincides with its spectrum, the two results agree on
the class considered here. In the same direction, the relation between the
shadowing property and generalized hyperbolicity has recently been clarified
in [9], and the equivalence of the various notions of hyperbolicity, stability
and shadowing for linear operators has been further investigated in [10]. For
normal operators the qualitative picture is therefore complete.

The results quoted above answer the qualitative question of whether shad-
owing occurs. The complementary task is quantitative: one asks how the



shadowing error depends on the size of the underlying perturbation. Morales
and Nguyen developed such a quantitative viewpoint for linear operators by
introducing a shadowability constant and relating it, for hyperbolic operators,
to the inverse of the difference operator associated with the inhomogeneous
recurrence [11]. More precisely, for an invertible hyperbolic operator A act-
ing on a Banach space, the optimal uniform shadowability constant can be
represented as the norm of the inverse of the operator

(LAT)p = Tpy1 — Az,

on the space of bounded bi-infinite sequences. This formulation turns the
quantitative shadowing problem into an operator-norm problem.

A closely related quantitative theory has developed under the name of
Hyers-Ulam stability. For linear difference equations, the best Ulam con-
stant measures the smallest uniform factor controlling the distance between
approximate and exact solutions. Optimal constants have been studied for
first-order and higher-order difference equations, for equations with constant
or alternating step sizes, and for Banach-space-valued recurrences; see, for
example, [12, 13, 14, 15]. In particular, this literature emphasizes that the
determination of a best stability constant provides substantially more in-
formation than the mere existence of an Ulam stability estimate. The re-
lation between bounded solvability, discrete dichotomies and robustness is
also closely connected with the classical theory of admissibility for difference
equations; see, for instance, [16]. The purpose of the present paper is to
compare two quantitative features of a hyperbolic linear system: the optimal
amplification of bounded pseudotrajectory errors and the operator-norm dis-
tance to the loss of hyperbolicity. This leads naturally to the hyperbolicity
margin

Thyp(A) == inf{HEH : E€eBH),c(A+ E)NT # @},
where H is a complex Hilbert space and
T:={zeC:|z| =1}

Thus 7y, (A) measures the operator-norm distance from A to the boundary of
the set of hyperbolic operators. Our main results provide a sharp quantitative
description in the normal Hilbert-space setting. Let A € B(H) be invertible,



normal and hyperbolic, and suppose first that its spectrum has nonempty
components on both sides of the unit circle. Define

ps(A) == max{|\| : A € 0(A), |\ <1},

and
pu(A) :=min{|\| : A € 0(A), [N > 1}

The corresponding stable and unstable spectral gaps are

a(A) =1 ps(A), B(A) == pu(A) — 1.

To the best of our knowledge, no exact formula for the optimal uniform
shadowability constant in terms of the stable and unstable spectral gaps
has previously been obtained for normal hyperbolic operators on arbitrary
Hilbert spaces. The available general Green-operator estimates are additive
in the stable and unstable contributions. In the normal Hilbert-space set-
ting, we show that orthogonality changes this additive estimate into an exact
Euclidean formula.
Our first main theorem establishes the exact identity

1 1 1/2
had(A) = . 1.1
suad ) = ( i+ 07 )
If the spectrum is entirely contained in the open unit disk, that is, if o, (A) =
&, the formula reduces to

Shad(A) = a(A)™!,
whereas in the purely unstable case,
Shad(A) = B(A)~".

The geometry behind (1.1) is specifically Hilbertian; see Figure 1 for the
spectral configuration underlying the two gap parameters. For a normal
operator, the stable and unstable spectral subspaces form an orthogonal de-
composition. The two components of the Green operator can therefore be
combined quadratically rather than by a triangle inequality. This immedi-
ately suggests the upper estimate in (1.1), but sharpness requires an addi-
tional argument. We construct a bounded forcing whose negative-time part
asymptotically maximizes the stable response and whose nonnegative-time
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Figure 1: Spectral picture of a normal hyperbolic operator with both spectral components
present. The unit circle separates the stable part o,(A) = 0(A) N D from the unstable
part 0,(A). The two gap parameters a(A) = 1 — ps(A) and B(A) = pu(A) — 1 measure
the distances of the two components from the unit circle; the hyperbolicity margin equals
the smaller of them, 7y, (A) = min{a(A), B(A)}.

part asymptotically maximizes the unstable response. Approximate eigenvec-
tors associated with the two extremal spectral points align the corresponding
finite Green sums. Since the two forcing components occupy disjoint time in-
tervals, they can be combined without increasing the /> norm of the forcing.
The quantitative statement is thus considerably finer than the qualitative
one: the identity (1.1) describes how the optimal amplification degenerates
as the spectrum approaches the unit circle. In this sense, it provides a quanti-
tative refinement of the qualitative hyperbolicity-—shadowing equivalence for
normal operators established in [7].

The second main result relates the exact shadowability constant to the
robustness of hyperbolicity. We first show that for an arbitrary hyperbolic

operator
1

Thyp(A4)
For normal operators the spectral theorem gives an explicit expression for
the hyperbolicity margin. In the mixed stable—unstable case,

Thyp(A) = min{a<A)v 5("4)}

Combining this identity with (1.1) yields

Shad(A) > (1.2)

Thyp(A) Shad(A) = (1+n(A4)%)"", (1.3)

where

 min{a(4), B(4))}
1A = rax{a(A), BA))
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Consequently,
1 < ryyp(A) Shad(4) < V2. (1.4)

The upper constant v/2 is attained precisely when the stable and unstable
spectral gaps are equal. The lower value 1 is attained in the one-sided stable
and unstable cases, while the inequality is strict on the left whenever both
spectral components are nonempty.

Thus the normalized shadowability constant is governed by the relative
balance of the stable and unstable spectral gaps rather than by their absolute
size alone.

Two features of the quantitative theory deserve emphasis at the outset.
First, the right-hand side of (1.1) is the norm of the inverse of the differ-
ence operator L4, whereas a qualitative shadowing statement for hyperbolic
operators produces only the existence of a bounded solution and hence an
unspecified finite constant. Second, the difference operator treats past and
future asymmetrically, so that the two one-sided cases in Corollary 3.2 have
to be treated separately.

The paper is organized as follows. In Section 2 we introduce the nota-
tion used throughout the paper, recall the difference-operator formulation
of uniform linear shadowing, and establish the basic relation between the
shadowability constant and the hyperbolicity margin. Section 3 contains the
exact computation of the shadowability constant for normal hyperbolic op-
erators. In Section 4 we derive the sharp stability ratio (1.4), characterize
the equality cases, and give examples showing that the constants cannot be
improved, including an infinite-dimensional example whose spectra have no
spectral-edge eigenvalues. Section 5 contains concluding remarks and indi-
cates possible extensions beyond the normal setting.

2. Preliminaries and Hyperbolicity Margins

Throughout the paper, H denotes a complex Hilbert space with norm
Il - ||, and B(H) denotes the Banach algebra of all bounded linear operators
on H, equipped with the operator norm, which is also denoted by || - ||. The
identity operator on H is denoted by I. For A € B(H), its spectrum is
denoted by o(A).

We write

D:={zeC:|z| <1}, T:={2eC:|z| =1}



An operator A € B(H) is called hyperbolic if
c(A)NT = 2. (2.1)

In what follows, whenever bi-infinite dynamics are considered, the operator
A is assumed to be invertible.
For a hyperbolic operator A, define the stable and unstable parts of the
spectrum by
os(A) :=0c(A)ND,
ou(A):=0(A)N{ze€C:|z| > 1}.

Since o(A) is compact and disjoint from T, these two sets are disjoint
compact spectral subsets and

(2.2)

o(A) = 05(A) Uou(A).

Let P, and P, denote the Riesz spectral projections associated with o,(A)
and o, (A), respectively. We set

H, := P,;H, H,:=P,H, (2.3)
and denote the corresponding restrictions of A by

A=A

Hs> Ay = A|Hu~ (2-4)
Then
H=H,® Hw

and both H, and H, are invariant under A. If A is normal, the spectral
theorem [17] implies that H, and H, are reducing and orthogonal. In that

case,
H=H,e' H, P, = P’ P,= P (2.5)

Whenever o4(A) # &, we define

ps(A) = max) |\l alA) :=1—ps(A). (2.6)

A€o (A
Similarly, whenever o,(A) # @, we define

pu(A) = \Jin AL B(A) = pu(4) — 1. (2.7)



Hyperbolicity implies

0 < a(A), 0< B(A)
whenever the corresponding spectral component is nonempty. For brevity,
when the operator is fixed we write

ps; pu, Oé, 6

instead of
ps(A),  pu(A),  a(A), B(A).

2.1. The difference operator and the shadowability constant
Let

>*(Z,H) = {x = (Tp)nez : su;Z) l|znl < oo} ,
ne

equipped with the norm
[£]loc = sup [z |- (2.8)

nel

For A € B(H), define the difference operator
Ly (2, H) — >°(Z,H)
by
(LAT)y = XTpy1 — Axy, n € 7. (2.9)
Following Morales and Nguyen [11], the shadowability constant of an
invertible linear operator A is denoted by Shad(A). Equivalently, Shad(A)

is the infimum of all constants K > 0 with the following property: for every
e = (en)nez € €>°(Z, H) there exists © = (x,)nez € (>°(Z, H) satisfying

Tpi1 — Az, = €y, n € 7, (2.10)
and
[2]loc < K][€]|co- (2.11)
For hyperbolic A, the difference operator £ 4 is invertible and
Shad(A) = [1£3 ||5e=(z.m)- (2.12)

Indeed, L4 is bijective by Lemma 2.1 below, so its inverse is bounded by
the open mapping theorem, and (2.12) merely restates the definition of the
operator norm together with the scale invariance of (2.11). We shall use
(2.12) throughout the paper.

The inverse of £, admits the usual Green representation. For complete-
ness, we record the formula in the notation used here.
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Lemma 2.1. Let A € B(H) be invertible and hyperbolic. For every e =
(en)nez € {°(Z, H), the unique bounded solution of (2.10) is given by

(La'e)n = AP,
=0
OO (2.13)
- ZA;j_lPuenH, n € 7.
=0

Both series converge in H, uniformly with respect to n for e ranging over
bounded subsets of (>°(Z, H).

Proof. Since
o(As) C D, o(AY) D,
we have
r(As) <1, (A4 <1,
where 7(-) denotes the spectral radius. Choose numbers g5, ¢, € (0, 1) satis-
fying
r(As) < gs <1, (A < qu < 1.

By the spectral radius formula, there exist constants C, C, > 0 such that
14 < Cdf, AN < Cug, 520,

Hence both series in (2.13) converge absolutely and uniformly in n whenever
lle]|so is bounded.

Set -
.CIZ'Z = ZAgPsenflfj.
j=0
Then .
T, = Peen + Z AgPsen_j,
j=1
whereas -
Ay =) AlPie, ;.
j=1
Therefore
x,  — Asx;, = Pse,. (2.14)
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Similarly, define

Ty = — Z A;jflPuenﬂ.
=0
A direct index shift gives
Ty — Ayzy = Puey. (2.15)

Since P; + P, = I, adding (2.14) and (2.15) yields
Tpy1 — Axn = €n,

where z,, =z} + x.
[t remains to prove uniqueness. Suppose that y = (yn)nez € (>°(Z, H)
satisfies
Yni1 = Ayp, n € Z.

Write y,, = vy, + vy, where vy = Py, and y; = P,y,. For every m > 0,
Yo = ALY -

Hence
ol < Csq" [yl oo-

Letting m — oo gives y; = 0. Similarly,

Yo = A" Yps

and therefore
lyoll < Cugyy' |ylloc — 0.

Thus yy = 0, and consequently y,, = 0 for every n € Z. O

Remark 2.2. Formula (2.13) exhibits an asymmetry that will be crucial in
Section 3: at a fixed time n, the stable component of the bounded response
depends only on the forcing at times strictly smaller than n, whereas the
unstable component depends only on the forcing at times greater than or
equal to n. This separation allows the two components to be optimized
simultaneously under a single ¢* constraint.
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2.2. The hyperbolicity margin
We now introduce the second quantitative object considered in this paper.

Definition 2.3. Let A € B(H) be hyperbolic. The hyperbolicity margin of
Alis

hyp(A) == inf{||E|| : E € B(H), s(A+ E)NT # @}. (2.16)

Thus ryy,(A) is the operator-norm distance from A to the complement of
the set of hyperbolic operators. The following resolvent characterization is
standard in stability-radius theory; see, e.g., [18]. We include the short proof
for completeness.

Proposition 2.4. Let A € B(H) be hyperbolic. Then

—1
onl) = (a1 = 7) (2.17)
Proof. We first recall that if B € B(H) is invertible, then
1

where GL(H) denotes the group of bounded invertible operators on H.
Indeed, if F' € B(H) satisfies

I < 1IB~HI,

then
B+ F=B(I+ B_lF)

is invertible by the Neumann series. Hence the left-hand side of (2.18) is at
least || B~ .
For the reverse inequality, set

m(B) := inf ||Bz|.

llz]l=1

Since B is invertible,
m(B) = || B~

Given € > 0, choose a unit vector x. € H such that

|Bz|| < m(B) +e.
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Define the rank-one operator F. € B(H) by
F.x := —(x,z.)Bx., r € H.

Then
(B+ F.)x. =0,

so B+F_ is not invertible. Moreover, F.x = —(z, z.) Bx., so Cauchy—Schwarz
gives || F.|| < ||Bz.||, while testing F. on z. gives the reverse inequality. Hence

[Fe]l = | Bl < |B7 " +e.

Letting € | 0 proves (2.18).
Now fix z € T. Since A is hyperbolic, zI — A is invertible. The condition

z€o0(A+E)
is equivalent to the noninvertibility of
z2[—A—F.

Applying (2.18) to B = zI — A shows that

inf{||E|| : z € 0(A+ E)} = H(z[——lA)lH’

since z € 0(A+ E) if and only if (2/ — A) — E is not invertible. Taking the
infimum over z € T yields

1
A =inf —M .
rive(A) = T

The map
2z (2] — A

is norm-continuous on the compact set T. Hence the continuous positive
function z — [|(2I — A)~!|| attains a maximum there, and taking reciprocals
turns that maximum into the minimum of z — ||(21 — A)~7!||~!. Therefore

() = (a2 = 4771

12



The resolvent characterization immediately gives a universal lower bound
for the shadowability constant.

Proposition 2.5. Let A € B(H) be invertible and hyperbolic. Then

1
Shad(A) > ) 2.19
(4) () (2.19)
Equivalently,
Thyp(A) Shad(A4) > 1. (2.20)

Proof. Fix z € T and a nonzero vector v € H. Define e = (e, )nez € (*°(Z, H)
by

e, = 2", n € 7.
Since |z| =1,
lefloc = lv]]-
Define
T, = 2" (2] — A) ", n € Z.

Then x € (*°(Z, H) and

Tppy — Ay = 2" 2] — A) 7o — A" (2] — A) M
= 2"z — A)(z] — A) o = 2"v = e,,.

Thus, by (2.12),

Shad(a) > 12l _ IGT=A) M

— llelloe gl
Taking the supremum over all v # 0 gives
Shad(A) > [|(z] — A)7.
Since this holds for every z € T,
Shad(A) > max (21 — A7

Proposition 2.4 now gives (2.19). O

Remark 2.6. Proposition 2.5 does not require normality. It shows that the
reciprocal hyperbolicity margin is a universal lower bound for uniform shad-
owing amplification. The normal case considered in the next section is dis-
tinguished by the fact that the gap between these two quantities can be
determined exactly.

13



3. Sharp Shadowability Bounds for Normal Hyperbolic Operators

We now assume that A € B(H) is normal, invertible and hyperbolic. The
orthogonality of the stable and unstable spectral subspaces makes it possible
to sharpen the general Green-operator estimate to an exact formula.

We begin with the mixed case, in which

os(A) # @ and ou(A) # 2.

Recall from (2.6) and (2.7) that

s = max |\l a=1-—p,,
p maﬁ)' | p
and
u = 1 )\, = u—l
p Agﬁ;ﬂ | B=p

Theorem 3.1. Let H be a complex Hilbert space and let A € B(H) be an
invertible normal hyperbolic operator. Suppose that both os(A) and o,(A) are
nonempty. Then

Shad(A) = (a2 4 572)"%. (3.1)
Proof. We divide the proof into the upper and lower estimates.
Step 1: the upper estimate. Let
e = (en)nez € (>°(Z, H)
and put
= Le
By Lemma 2.1,
T, =2, +,,
where -
IIZ'; = ZAgPsen_l_j S HS (32)
5=0
and -
wh=—Y A 'Pen; € H,. (3.3)
=0

14



Since A is normal, H, 1. H,. Hence
lal® = flzpll? + [l (3.4)
The restrictions A, and A, are normal. By the spectral theorem,
1Al =pl, G20

Moreover, P; is an orthogonal projection, so || Ps|| = 1. Consequently,

o0
25 < D 1AL 1 Peena—
§=0

<> el
j=0
1 1

= 7 lelleo = Zlelleo:

Similarly, since A;! is normal and

AT = pa
we have ' '

1A =0 G20

Thus

o

<> o lellos
j=0

1 1
= o llelee = gllell.

B

Combining these estimates with (3.4), we obtain

lzall* < (a7 +87%) llell%

for every n € Z. Therefore

1/2

Shad(A4) < (a7 + 57?) (3.5)

Step 2: approximate eigenvectors at the edge. Since o4(A) and o,(A) are
compact and nonempty, there exist

s € 05(A), A € 0y (A)

15



such that
|)‘5’ = Ps; |)‘u, = Pu-
Write

where 6,0, € [0, 2m).

(3.6)

For a bounded normal operator, every spectral value belongs to its ap-
proximate point spectrum [17|. Applied to the normal restrictions Ay and

A,, this yields sequences of unit vectors

(Vs )k>1 C H, (Vg )k>1 C Hy
such that
[(As = AsT)vsil| — 0
and
1(Au = Au) vyl —> 0
as k — oo.

Fix an integer N > 0. For every 0 < 57 < N, the identity

7—1
AL = NI = NTAL A - AT

=0

implies, by (3.7), that

J_\J
max (4] = XDl — 0.

For the unstable component, observe that
AV =N = 0PAN (A = N,

Hence (3.8) gives
1(AL" = AT Dvall — 0.

Applying the preceding finite-power argument to A, yields

“m y-m
1gnr?2]}§+1 1(A, A v k|| — 0.

Step 3: a past—future forcing. For each k > 1, define

Nk — (e(N’k))nez e l>*(Z,H)

n

16
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e',(’LN7k) :—e jesv&k’ n = _1_j, O S] S N?
ele’k) Uty n=j, 0<j<N, (3.11)
e(N k) =0, otherwise.

The two nonzero parts in (3.11) have disjoint time supports, and all nonzero
entries are unit vectors. Therefore

|e™P) |0 = 1. (3.12)

Let
sk £216(N,k)_

At time n = 0, the Green representation gives

(N,k)
X = SN,k — UNk,
where
N
snk =Y e Ay, € H, (3.13)
§=0
and
N
Uy g = Ze“ﬂl)@uA;J*lvu,k € H,. (3.14)
§=0

By (3.6) and (3.9),

N
SNk — <Z Pﬁ) Vs, k

J=0

— 0 (k — o0). (3.15)

Likewise, by (3.10),

N
UN | — (Z p;j_1> Uy || — 0. (3.16)
j=0
Since sy € Hs, uyy € Hy, and Hy 1L H,,
125112 = Nsnpll? + llunsl®

17



Using (3.15) and (3.16), and recalling that ||vsx| = ||vuk|| = 1, we obtain

N 2 N 2
: (NE) 12 _ j —j-1
Jim flzg (E()p]) +<§ Pu ) :
]:

j=0
By (3.12) and the definition of Shad(A),
Shad(A) > [Ja™®)]| o > [lag**]].

Letting k — oo therefore gives

Shad(A)? > <Zp]> + (Zpujl> : (3.17)

Finally, letting N — oo in (3.17) yields
1 1

2 S _ -2 g2
Shad(A)* > 1= ) + (o =1)2 a T4 B
Thus
Shad(A4) > (o> + 572)"*. (3.18)
Combining (3.5) and (3.18) proves (3.1). O

Corollary 3.2. Let H be a complex Hilbert space and let A € B(H) be an
inwvertible normal hyperbolic operator.

(i) If 0u,(A) = @, then

Shad(A) = ﬁ (3.19)
(i) If 05(A) = @, then X
Shad(4) = 5o (3.20)

Proof. We prove only the stable case, since the unstable case is analogous.
If 0,(A) = @, then H = H, and the Green representation reduces to

([,Zle)n = Z Ajen_l_j.
7=0

18



Normality gives ||A7|| = ps(A)’, and therefore
1 1

ST p(A)  ad)

The reverse inequality follows from the same finite, phase-aligned approxi-
mate eigenvector construction used in the proof of Theorem 3.1, with the
unstable forcing omitted. Hence

Shad(A)

R
a(A)

The purely unstable case is analogous to the stable one. If o4(A) = &, the
Green representation becomes

(Lile), = — Z A e, .
=0

Shad(A) =

Since A™! is normal and
AT = pu(A) 7,
we obtain
B 1 B 1
=@ -1 B

For the reverse inequality, choose A\, € o(A) such that |\,| = p.(A4) and
write A\, = pu(A)e?*. Using unit approximate eigenvectors associated with
A, and the finite future forcing

ej =ty 0<j<N,

Shad(A) < iO:pu(A)_j_1

with e; = 0 otherwise, the argument in Step 3 of Theorem 3.1 gives

Shad(4) > 3~ pu(4) 7"

Letting N — oo yields

1 1
Shed) = @1 sy

Therefore
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Remark 3.3. In the mixed case, Theorem 3.1 gives the Euclidean combination

Shad(A) = (a2 + 872)"*,

rather than the additive estimate
a b+ 57t

The additive expression is what one obtains for a general Banach-space split-
ting X = S @ U: the estimate Shad(A4) < >, oo A% sl + X a; |AF|o|| of
|11, Theorem 8|, applied to the hyperbolic splitting of a normal operator and
combined with [|A*|s|| = p* and ||[A7*|y|| = p,*, yields exactly a=! + 371
The improvement to (3.1) is thus a direct consequence of two facts specific
to the present setting: the stable and unstable subspaces are orthogonal, and
their extremal responses can be generated by forcing supported on disjoint
parts of the time axis.

4. Stability Ratios and Sharpness

We now combine the exact shadowability formula with the hyperbolicity
margin introduced in Definition 2.3.
We first identify the latter explicitly in the normal case.

Proposition 4.1. Let H be a complex Hilbert space and let A € B(H) be a
normal hyperbolic operator. Then

Thyp(A) = dist(c(A), T), (4.1)

where

dist(o(A), T) :=inf{|A — 2| : A € 0(A), z € T}.
In particular, if both o5(A) and 0,(A) are nonempty, then

Thyp(A) = min{a(A), B(A)}. (4.2)

If 0,(A) = @, then
Thyp(A) = a(4), (4.3)

while if 0,(A) = &, then
Thyp(A) = B(A). (4.4)
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Proof. For a normal operator and every z ¢ o(A), the spectral theorem gives

1

T = A7 = gz

(4.5)

where

dist(z,0(A)) := ,\ei?(fA) |z — Al

Combining (4.5) with Proposition 2.4, we obtain

1 —1
Thyp(A) = (mS% W)
= min dist(z, 0(A))

— dist(o(A), T).

This proves (4.1).
Suppose now that both spectral components are nonempty. For A € C,

dist(\, T) = [|A] — 1].

Hence

diSt<JS<A)7 T) =1- pS<A> = &(A>7
and

diSt(Gu(A)v T) = pu(A) —1= B(A)
Since

o(A) =o0s(A)Ua,(A),

it follows that
rhyp(A) = min{a(A), B(A)}.

The one-sided cases follow in the same way. O
We can now state the second main theorem.

Theorem 4.2. Let H be a complex Hilbert space and let A € B(H) be an
wnwvertible normal hyperbolic operator. Then

1 < 7yp(A) Shad(A) < V2. (4.6)

Both constants in (4.6) are optimal.
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If both o4(A) and o,(A) are nonempty, then

1/2
min{a(4), 3(4)} )’
A)Shad(A) = |1 4.
rh}’p( )S ad( ) + <max{a(A),ﬁ(A)} ( 7)
Consequently,
1 < rhyp(A) Shad(A) < V2 (4.8)
in the mized case, and equality in the upper bound holds if and only if
a(A) = B(A). (4.9)
If the spectrum is one-sided, then
Thyp(A) Shad(A4) = 1. (4.10)

Proof. Suppose first that both spectral components are nonempty. By The-
orem 3.1 and Proposition 4.1,

1/2

Shad(A) = (a(A)* + B(A)?)

and
rhyp(A) = min{a(A), B(A)}.

Set

m = min{a(A), 5(A)},

M = max{a(A), B(A)}.

Then
0<m< M,

and

Thyp(A) Shad(A) =m (Oz(A)_Q + B(A)_Q)I/Q

This proves (4.7).
Since



we obtain

m2 1/2
1< (1 + W) < V2.

The upper equality holds precisely when

m=M,
which is equivalent to
a(A) = B(A).
Now suppose that 0,(A) = &. By Corollary 3.2 and Proposition 4.1,
1
Shad(A) = —= Thyp(A) = a(A),

a(A)’

and hence
rhyp(A) Shad(A) = 1.

The purely unstable case is identical, using

Shad(A) = % and Thyp(A) = B(A).

Thus (4.6) holds in all cases. O

Remark 4.3. In the mixed case, define the spectral-balance parameter

 minf{a(4), B(4))}
1A = ax({a(A), BA)}

Then Theorem 4.2 may be written in the compact form

e (0,1]. (4.11)

Puyo(A) Shad(A) = /1 + n(A)2. (4.12)

Thus the normalized shadowability constant is determined entirely by the
relative balance of the two spectral gaps.

We next give two examples illustrating the equality cases.

Example 4.4 (The lower constant). Let 0 < r < 1 and let

A=rl
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on any nonzero complex Hilbert space H. Then A is normal, invertible and
purely stable. We have

ps(A) =, alA)=1-r.

Hence 1
had(A) =
Shad(A) T
and
T’hyp(A) =1- T.
Therefore

Thyp(A) Shad(A4) = 1.
Thus the lower constant in (4.6) is attained.

Example 4.5 (A balanced finite-dimensional model). Let 0 < ¢ < 1 and

consider
1—¢ 0
4e = ( 0 1+ 5)

acting on C? with its standard Hilbert norm. Then A, is normal, invertible
and hyperbolic, with

Therefore
Shad(A.) =

and hence

riyp(Ac) Shad(AL) = V2.

Thus the upper constant in (4.6) is already sharp in dimension two.

The next example shows that the upper constant remains sharp in an
infinite-dimensional setting with continuous spectrum.

Example 4.6 (Continuous spectrum and sharpness). Let
H = L*([0,1]) @ L*([0,1]),
and fix

0< <1
9 —.
4

24



Define

where
M@JW%I(kf——)ﬂw f e L2(0,1]),
and

(Mwm@%=<uw+£>ﬂ& g€ 1(0,1))

Then A, is a bounded normal operator. Its spectrum is

1 1
o(A:) = {1—8—1—1,1—6}U{1+8,1+8+11-

Since 0 < & < 1/4, the first interval lies strictly inside the unit disk and the
second lies strictly outside it. Hence A. is invertible and hyperbolic.
Moreover,

ps(Ac) =1—¢,
and

pu(Ac) =1+¢.
Therefore

By Theorem 3.1,

2
Shad(A.) = \/?_
while Proposition 4.1 gives
Thyp(Ae) =¢£.
Consequently,
Thyp(Ae) Shad(A.) = V2. (4.13)

The spectral endpoints 1 — ¢ and 1 + € belong to the spectra of the cor-
responding multiplication operators but are not eigenvalues. Thus sharpness
does not depend on the existence of spectral-edge eigenvectors.

Remark 4.7. Formula (4.12) also describes the two asymptotic regimes. If
n(A;) — 0 along a family of mixed normal hyperbolic operators, then

Thyp(A;) Shad(A;) — 1. (4.14)
If n(A;) — 1, then
rgp(A;) Shad(A;) — V2. (4.15)

25



5. Concluding Remarks

We have determined the optimal uniform shadowability constant for in-
vertible normal hyperbolic operators on complex Hilbert spaces. In the mixed
case,

Shad(A) = (a(A)72 + A(A) )7,
while in the one-sided cases Shad(A) = «a(A4)~! and Shad(A) = B(A4)~L
Comparison with the operator-norm distance to loss of hyperbolicity yields

the sharp bound
1 < 7iyp(A) Shad(A4) < V2.

The normalized quantity is determined entirely by the relative balance of
the stable and unstable spectral gaps. In particular, the exact formula is
not merely a refinement of the existence of a bounded solution: it identifies
that solution as the inverse of the difference operator and computes its norm
exactly.

Normality is essential to the present argument: it provides both the or-
thogonality of the stable and unstable spectral subspaces and the spectral-
edge approximate eigenvectors used in the sharpness construction. Proposi-
tion 2.5 requires no normality and yields the lower bound 7y, (A) Shad(A) >
1 for every invertible hyperbolic operator. The open question is therefore
not the lower bound but the upper one. Without normality, nonorthogonal
spectral projections and resolvent amplification may substantially increase
the product, and a natural problem is to identify geometric or resolvent con-
ditions under which quantitative upper bounds for 7y,(A) Shad(A) persist
beyond the normal setting.
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