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Abstract

Let A be an invertible normal hyperbolic operator on a complex Hilbert
space H. We obtain an exact spectral formula for the optimal uniform shad-
owability constant Shad(A), sharpening the general additive Green-operator
estimates to a Euclidean combination of the stable and unstable spectral
contributions. If both spectral components are nonempty, set

α(A) = 1−max{|λ| : λ ∈ σ(A), |λ| < 1},

and
β(A) = min{|λ| : λ ∈ σ(A), |λ| > 1} − 1.

We prove the exact formula

Shad(A) =
(
α(A)−2 + β(A)−2

)1/2
,

with the corresponding one-sided formulas when only one spectral component
is present.

We further relate this exact constant to the robustness of hyperbolic-
ity. Let rhyp(A) denote the operator-norm distance from A to the loss of
hyperbolicity. We obtain the sharp universal ratio

1 ≤ rhyp(A) Shad(A) ≤
√
2.

Both constants are optimal. In the mixed case,

rhyp(A) Shad(A) =

[
1 +

(
min{α(A), β(A)}
max{α(A), β(A)}

)2
]1/2

.
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Thus the normalized shadowability constant is determined exactly by the
relative balance of the stable and unstable spectral gaps.
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1. Introduction

The shadowing property is a fundamental notion in dynamical systems
that describes whether approximate trajectories can be uniformly traced by
exact trajectories. In the setting of linear dynamics, shadowing is closely
related to spectral hyperbolicity, although the relationship becomes substan-
tially more subtle in in�nite-dimensional spaces. It is classical that every
invertible hyperbolic operator on a Banach space has the shadowing prop-
erty; see [1, 2] and also [3]. The converse, however, fails in general in in�nite
dimensions: Bernardes, Cirilo, Darji, Messaoudi and Pujals constructed non-
hyperbolic invertible operators with the shadowing property, thereby exhibit-
ing a phenomenon that has no direct �nite-dimensional analogue [4]. Subse-
quent work has further investigated generalized hyperbolicity and shadowing
for classes of operators on function and sequence spaces [5, 6].

For the class of normal operators the qualitative question is completely
settled. Mazur proved that a normal operator on a Hilbert space is hyperbolic
if and only if it has the shadowing property, by reducing the problem, through
the spectral theorem, to multiplication operators [7]; a streamlined proof is
given in [4, Corollary 28], where the positive shadowing property is also
treated for not necessarily invertible normal operators. More recently, Pituk
obtained a spectral characterization valid for every invertible Hilbert-space
operator, showing that the shadowing property is equivalent to the right
spectrum being disjoint from the unit circle [8]. Since the right spectrum
of a normal operator coincides with its spectrum, the two results agree on
the class considered here. In the same direction, the relation between the
shadowing property and generalized hyperbolicity has recently been clari�ed
in [9], and the equivalence of the various notions of hyperbolicity, stability
and shadowing for linear operators has been further investigated in [10]. For
normal operators the qualitative picture is therefore complete.

The results quoted above answer the qualitative question of whether shad-
owing occurs. The complementary task is quantitative: one asks how the
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shadowing error depends on the size of the underlying perturbation. Morales
and Nguyen developed such a quantitative viewpoint for linear operators by
introducing a shadowability constant and relating it, for hyperbolic operators,
to the inverse of the di�erence operator associated with the inhomogeneous
recurrence [11]. More precisely, for an invertible hyperbolic operator A act-
ing on a Banach space, the optimal uniform shadowability constant can be
represented as the norm of the inverse of the operator

(LAx)n = xn+1 − Axn

on the space of bounded bi-in�nite sequences. This formulation turns the
quantitative shadowing problem into an operator-norm problem.

A closely related quantitative theory has developed under the name of
Hyers�Ulam stability. For linear di�erence equations, the best Ulam con-
stant measures the smallest uniform factor controlling the distance between
approximate and exact solutions. Optimal constants have been studied for
�rst-order and higher-order di�erence equations, for equations with constant
or alternating step sizes, and for Banach-space-valued recurrences; see, for
example, [12, 13, 14, 15]. In particular, this literature emphasizes that the
determination of a best stability constant provides substantially more in-
formation than the mere existence of an Ulam stability estimate. The re-
lation between bounded solvability, discrete dichotomies and robustness is
also closely connected with the classical theory of admissibility for di�erence
equations; see, for instance, [16]. The purpose of the present paper is to
compare two quantitative features of a hyperbolic linear system: the optimal
ampli�cation of bounded pseudotrajectory errors and the operator-norm dis-
tance to the loss of hyperbolicity. This leads naturally to the hyperbolicity
margin

rhyp(A) := inf
{
∥E∥ : E ∈ B(H), σ(A+ E) ∩ T ̸= ∅

}
,

where H is a complex Hilbert space and

T := {z ∈ C : |z| = 1}.

Thus rhyp(A)measures the operator-norm distance from A to the boundary of
the set of hyperbolic operators. Our main results provide a sharp quantitative
description in the normal Hilbert-space setting. Let A ∈ B(H) be invertible,
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normal and hyperbolic, and suppose �rst that its spectrum has nonempty
components on both sides of the unit circle. De�ne

ρs(A) := max{|λ| : λ ∈ σ(A), |λ| < 1},

and
ρu(A) := min{|λ| : λ ∈ σ(A), |λ| > 1}.

The corresponding stable and unstable spectral gaps are

α(A) := 1− ρs(A), β(A) := ρu(A)− 1.

To the best of our knowledge, no exact formula for the optimal uniform
shadowability constant in terms of the stable and unstable spectral gaps
has previously been obtained for normal hyperbolic operators on arbitrary
Hilbert spaces. The available general Green-operator estimates are additive
in the stable and unstable contributions. In the normal Hilbert-space set-
ting, we show that orthogonality changes this additive estimate into an exact
Euclidean formula.

Our �rst main theorem establishes the exact identity

Shad(A) =

(
1

α(A)2
+

1

β(A)2

)1/2

. (1.1)

If the spectrum is entirely contained in the open unit disk, that is, if σu(A) =
∅, the formula reduces to

Shad(A) = α(A)−1,

whereas in the purely unstable case,

Shad(A) = β(A)−1.

The geometry behind (1.1) is speci�cally Hilbertian; see Figure 1 for the
spectral con�guration underlying the two gap parameters. For a normal
operator, the stable and unstable spectral subspaces form an orthogonal de-
composition. The two components of the Green operator can therefore be
combined quadratically rather than by a triangle inequality. This immedi-
ately suggests the upper estimate in (1.1), but sharpness requires an addi-
tional argument. We construct a bounded forcing whose negative-time part
asymptotically maximizes the stable response and whose nonnegative-time
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Figure 1: Spectral picture of a normal hyperbolic operator with both spectral components
present. The unit circle separates the stable part σs(A) = σ(A) ∩ D from the unstable
part σu(A). The two gap parameters α(A) = 1 − ρs(A) and β(A) = ρu(A) − 1 measure
the distances of the two components from the unit circle; the hyperbolicity margin equals
the smaller of them, rhyp(A) = min{α(A), β(A)}.

part asymptotically maximizes the unstable response. Approximate eigenvec-
tors associated with the two extremal spectral points align the corresponding
�nite Green sums. Since the two forcing components occupy disjoint time in-
tervals, they can be combined without increasing the ℓ∞ norm of the forcing.
The quantitative statement is thus considerably �ner than the qualitative
one: the identity (1.1) describes how the optimal ampli�cation degenerates
as the spectrum approaches the unit circle. In this sense, it provides a quanti-
tative re�nement of the qualitative hyperbolicity�shadowing equivalence for
normal operators established in [7].

The second main result relates the exact shadowability constant to the
robustness of hyperbolicity. We �rst show that for an arbitrary hyperbolic
operator

Shad(A) ≥ 1

rhyp(A)
. (1.2)

For normal operators the spectral theorem gives an explicit expression for
the hyperbolicity margin. In the mixed stable�unstable case,

rhyp(A) = min{α(A), β(A)}.

Combining this identity with (1.1) yields

rhyp(A) Shad(A) =
(
1 + η(A)2

)1/2
, (1.3)

where

η(A) :=
min{α(A), β(A)}
max{α(A), β(A)}

.
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Consequently,
1 ≤ rhyp(A) Shad(A) ≤

√
2. (1.4)

The upper constant
√
2 is attained precisely when the stable and unstable

spectral gaps are equal. The lower value 1 is attained in the one-sided stable
and unstable cases, while the inequality is strict on the left whenever both
spectral components are nonempty.

Thus the normalized shadowability constant is governed by the relative
balance of the stable and unstable spectral gaps rather than by their absolute
size alone.

Two features of the quantitative theory deserve emphasis at the outset.
First, the right-hand side of (1.1) is the norm of the inverse of the di�er-
ence operator LA, whereas a qualitative shadowing statement for hyperbolic
operators produces only the existence of a bounded solution and hence an
unspeci�ed �nite constant. Second, the di�erence operator treats past and
future asymmetrically, so that the two one-sided cases in Corollary 3.2 have
to be treated separately.

The paper is organized as follows. In Section 2 we introduce the nota-
tion used throughout the paper, recall the di�erence-operator formulation
of uniform linear shadowing, and establish the basic relation between the
shadowability constant and the hyperbolicity margin. Section 3 contains the
exact computation of the shadowability constant for normal hyperbolic op-
erators. In Section 4 we derive the sharp stability ratio (1.4), characterize
the equality cases, and give examples showing that the constants cannot be
improved, including an in�nite-dimensional example whose spectra have no
spectral-edge eigenvalues. Section 5 contains concluding remarks and indi-
cates possible extensions beyond the normal setting.

2. Preliminaries and Hyperbolicity Margins

Throughout the paper, H denotes a complex Hilbert space with norm
∥ · ∥, and B(H) denotes the Banach algebra of all bounded linear operators
on H, equipped with the operator norm, which is also denoted by ∥ · ∥. The
identity operator on H is denoted by I. For A ∈ B(H), its spectrum is
denoted by σ(A).

We write

D := {z ∈ C : |z| < 1}, T := {z ∈ C : |z| = 1}.
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An operator A ∈ B(H) is called hyperbolic if

σ(A) ∩ T = ∅. (2.1)

In what follows, whenever bi-in�nite dynamics are considered, the operator
A is assumed to be invertible.

For a hyperbolic operator A, de�ne the stable and unstable parts of the
spectrum by

σs(A) := σ(A) ∩ D,
σu(A) := σ(A) ∩ {z ∈ C : |z| > 1}.

(2.2)

Since σ(A) is compact and disjoint from T, these two sets are disjoint
compact spectral subsets and

σ(A) = σs(A) ∪ σu(A).

Let Ps and Pu denote the Riesz spectral projections associated with σs(A)
and σu(A), respectively. We set

Hs := PsH, Hu := PuH, (2.3)

and denote the corresponding restrictions of A by

As := A|Hs , Au := A|Hu . (2.4)

Then
H = Hs ⊕Hu,

and both Hs and Hu are invariant under A. If A is normal, the spectral
theorem [17] implies that Hs and Hu are reducing and orthogonal. In that
case,

H = Hs ⊕⊥ Hu, Ps = P ∗
s , Pu = P ∗

u . (2.5)

Whenever σs(A) ̸= ∅, we de�ne

ρs(A) := max
λ∈σs(A)

|λ|, α(A) := 1− ρs(A). (2.6)

Similarly, whenever σu(A) ̸= ∅, we de�ne

ρu(A) := min
λ∈σu(A)

|λ|, β(A) := ρu(A)− 1. (2.7)
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Hyperbolicity implies
0 < α(A), 0 < β(A)

whenever the corresponding spectral component is nonempty. For brevity,
when the operator is �xed we write

ρs, ρu, α, β

instead of
ρs(A), ρu(A), α(A), β(A).

2.1. The di�erence operator and the shadowability constant

Let

ℓ∞(Z, H) :=

{
x = (xn)n∈Z : sup

n∈Z
∥xn∥ < ∞

}
,

equipped with the norm
∥x∥∞ := sup

n∈Z
∥xn∥. (2.8)

For A ∈ B(H), de�ne the di�erence operator

LA : ℓ∞(Z, H) −→ ℓ∞(Z, H)

by
(LAx)n := xn+1 − Axn, n ∈ Z. (2.9)

Following Morales and Nguyen [11], the shadowability constant of an
invertible linear operator A is denoted by Shad(A). Equivalently, Shad(A)
is the in�mum of all constants K > 0 with the following property: for every
e = (en)n∈Z ∈ ℓ∞(Z, H) there exists x = (xn)n∈Z ∈ ℓ∞(Z, H) satisfying

xn+1 − Axn = en, n ∈ Z, (2.10)

and
∥x∥∞ ≤ K∥e∥∞. (2.11)

For hyperbolic A, the di�erence operator LA is invertible and

Shad(A) = ∥L−1
A ∥B(ℓ∞(Z,H)). (2.12)

Indeed, LA is bijective by Lemma 2.1 below, so its inverse is bounded by
the open mapping theorem, and (2.12) merely restates the de�nition of the
operator norm together with the scale invariance of (2.11). We shall use
(2.12) throughout the paper.

The inverse of LA admits the usual Green representation. For complete-
ness, we record the formula in the notation used here.
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Lemma 2.1. Let A ∈ B(H) be invertible and hyperbolic. For every e =
(en)n∈Z ∈ ℓ∞(Z, H), the unique bounded solution of (2.10) is given by

(L−1
A e)n =

∞∑
j=0

Aj
sPsen−1−j

−
∞∑
j=0

A−j−1
u Puen+j, n ∈ Z.

(2.13)

Both series converge in H, uniformly with respect to n for e ranging over

bounded subsets of ℓ∞(Z, H).

Proof. Since
σ(As) ⊂ D, σ(A−1

u ) ⊂ D,

we have
r(As) < 1, r(A−1

u ) < 1,

where r(·) denotes the spectral radius. Choose numbers qs, qu ∈ (0, 1) satis-
fying

r(As) < qs < 1, r(A−1
u ) < qu < 1.

By the spectral radius formula, there exist constants Cs, Cu > 0 such that

∥Aj
s∥ ≤ Csq

j
s, ∥A−j

u ∥ ≤ Cuq
j
u, j ≥ 0.

Hence both series in (2.13) converge absolutely and uniformly in n whenever
∥e∥∞ is bounded.

Set

xs
n :=

∞∑
j=0

Aj
sPsen−1−j.

Then

xs
n+1 = Psen +

∞∑
j=1

Aj
sPsen−j,

whereas

Asx
s
n =

∞∑
j=1

Aj
sPsen−j.

Therefore
xs
n+1 − Asx

s
n = Psen. (2.14)
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Similarly, de�ne

xu
n := −

∞∑
j=0

A−j−1
u Puen+j.

A direct index shift gives

xu
n+1 − Aux

u
n = Puen. (2.15)

Since Ps + Pu = I, adding (2.14) and (2.15) yields

xn+1 − Axn = en,

where xn = xs
n + xu

n.
It remains to prove uniqueness. Suppose that y = (yn)n∈Z ∈ ℓ∞(Z, H)

satis�es
yn+1 = Ayn, n ∈ Z.

Write yn = ysn + yun, where ysn = Psyn and yun = Puyn. For every m ≥ 0,

ys0 = Am
s y

s
−m.

Hence
∥ys0∥ ≤ Csq

m
s ∥y∥∞.

Letting m → ∞ gives ys0 = 0. Similarly,

yu0 = A−m
u yum,

and therefore
∥yu0∥ ≤ Cuq

m
u ∥y∥∞ −→ 0.

Thus y0 = 0, and consequently yn = 0 for every n ∈ Z.

Remark 2.2. Formula (2.13) exhibits an asymmetry that will be crucial in
Section 3: at a �xed time n, the stable component of the bounded response
depends only on the forcing at times strictly smaller than n, whereas the
unstable component depends only on the forcing at times greater than or
equal to n. This separation allows the two components to be optimized
simultaneously under a single ℓ∞ constraint.

10



2.2. The hyperbolicity margin

We now introduce the second quantitative object considered in this paper.

De�nition 2.3. Let A ∈ B(H) be hyperbolic. The hyperbolicity margin of
A is

rhyp(A) := inf
{
∥E∥ : E ∈ B(H), σ(A+ E) ∩ T ̸= ∅

}
. (2.16)

Thus rhyp(A) is the operator-norm distance from A to the complement of
the set of hyperbolic operators. The following resolvent characterization is
standard in stability-radius theory; see, e.g., [18]. We include the short proof
for completeness.

Proposition 2.4. Let A ∈ B(H) be hyperbolic. Then

rhyp(A) =

(
max
z∈T

∥(zI − A)−1∥
)−1

. (2.17)

Proof. We �rst recall that if B ∈ B(H) is invertible, then

dist
(
B,B(H) \GL(H)

)
=

1

∥B−1∥
, (2.18)

where GL(H) denotes the group of bounded invertible operators on H.
Indeed, if F ∈ B(H) satis�es

∥F∥ < ∥B−1∥−1,

then
B + F = B(I +B−1F )

is invertible by the Neumann series. Hence the left-hand side of (2.18) is at
least ∥B−1∥−1.

For the reverse inequality, set

m(B) := inf
∥x∥=1

∥Bx∥.

Since B is invertible,
m(B) = ∥B−1∥−1.

Given ε > 0, choose a unit vector xε ∈ H such that

∥Bxε∥ < m(B) + ε.
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De�ne the rank-one operator Fε ∈ B(H) by

Fεx := −⟨x, xε⟩Bxε, x ∈ H.

Then
(B + Fε)xε = 0,

so B+Fε is not invertible. Moreover, Fεx = −⟨x, xε⟩Bxε, so Cauchy�Schwarz
gives ∥Fε∥ ≤ ∥Bxε∥, while testing Fε on xε gives the reverse inequality. Hence

∥Fε∥ = ∥Bxε∥ < ∥B−1∥−1 + ε.

Letting ε ↓ 0 proves (2.18).
Now �x z ∈ T. Since A is hyperbolic, zI −A is invertible. The condition

z ∈ σ(A+ E)

is equivalent to the noninvertibility of

zI − A− E.

Applying (2.18) to B = zI − A shows that

inf{∥E∥ : z ∈ σ(A+ E)} =
1

∥(zI − A)−1∥
,

since z ∈ σ(A+ E) if and only if (zI − A)− E is not invertible. Taking the
in�mum over z ∈ T yields

rhyp(A) = inf
z∈T

1

∥(zI − A)−1∥
.

The map
z 7−→ (zI − A)−1

is norm-continuous on the compact set T. Hence the continuous positive
function z 7→ ∥(zI −A)−1∥ attains a maximum there, and taking reciprocals
turns that maximum into the minimum of z 7→ ∥(zI − A)−1∥−1. Therefore

rhyp(A) =

(
max
z∈T

∥(zI − A)−1∥
)−1

.
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The resolvent characterization immediately gives a universal lower bound
for the shadowability constant.

Proposition 2.5. Let A ∈ B(H) be invertible and hyperbolic. Then

Shad(A) ≥ 1

rhyp(A)
. (2.19)

Equivalently,

rhyp(A) Shad(A) ≥ 1. (2.20)

Proof. Fix z ∈ T and a nonzero vector v ∈ H. De�ne e = (en)n∈Z ∈ ℓ∞(Z, H)
by

en := znv, n ∈ Z.
Since |z| = 1,

∥e∥∞ = ∥v∥.
De�ne

xn := zn(zI − A)−1v, n ∈ Z.
Then x ∈ ℓ∞(Z, H) and

xn+1 − Axn = zn+1(zI − A)−1v − Azn(zI − A)−1v

= zn(zI − A)(zI − A)−1v = znv = en.

Thus, by (2.12),

Shad(A) ≥ ∥x∥∞
∥e∥∞

=
∥(zI − A)−1v∥

∥v∥
.

Taking the supremum over all v ̸= 0 gives

Shad(A) ≥ ∥(zI − A)−1∥.

Since this holds for every z ∈ T,

Shad(A) ≥ max
z∈T

∥(zI − A)−1∥.

Proposition 2.4 now gives (2.19).

Remark 2.6. Proposition 2.5 does not require normality. It shows that the
reciprocal hyperbolicity margin is a universal lower bound for uniform shad-
owing ampli�cation. The normal case considered in the next section is dis-
tinguished by the fact that the gap between these two quantities can be
determined exactly.
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3. Sharp Shadowability Bounds for Normal Hyperbolic Operators

We now assume that A ∈ B(H) is normal, invertible and hyperbolic. The
orthogonality of the stable and unstable spectral subspaces makes it possible
to sharpen the general Green-operator estimate to an exact formula.

We begin with the mixed case, in which

σs(A) ̸= ∅ and σu(A) ̸= ∅.

Recall from (2.6) and (2.7) that

ρs = max
λ∈σs(A)

|λ|, α = 1− ρs,

and
ρu = min

λ∈σu(A)
|λ|, β = ρu − 1.

Theorem 3.1. Let H be a complex Hilbert space and let A ∈ B(H) be an

invertible normal hyperbolic operator. Suppose that both σs(A) and σu(A) are
nonempty. Then

Shad(A) =
(
α−2 + β−2

)1/2
. (3.1)

Proof. We divide the proof into the upper and lower estimates.

Step 1: the upper estimate. Let

e = (en)n∈Z ∈ ℓ∞(Z, H)

and put
x := L−1

A e.

By Lemma 2.1,
xn = xs

n + xu
n,

where

xs
n :=

∞∑
j=0

Aj
sPsen−1−j ∈ Hs (3.2)

and

xu
n := −

∞∑
j=0

A−j−1
u Puen+j ∈ Hu. (3.3)
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Since A is normal, Hs ⊥ Hu. Hence

∥xn∥2 = ∥xs
n∥2 + ∥xu

n∥2. (3.4)

The restrictions As and Au are normal. By the spectral theorem,

∥Aj
s∥ = ρjs, j ≥ 0.

Moreover, Ps is an orthogonal projection, so ∥Ps∥ = 1. Consequently,

∥xs
n∥ ≤

∞∑
j=0

∥Aj
s∥ ∥Psen−1−j∥

≤
∞∑
j=0

ρjs∥e∥∞

=
1

1− ρs
∥e∥∞ =

1

α
∥e∥∞.

Similarly, since A−1
u is normal and

∥A−1
u ∥ = ρ−1

u ,

we have
∥A−j−1

u ∥ = ρ−j−1
u , j ≥ 0.

Thus

∥xu
n∥ ≤

∞∑
j=0

ρ−j−1
u ∥e∥∞

=
1

ρu − 1
∥e∥∞ =

1

β
∥e∥∞.

Combining these estimates with (3.4), we obtain

∥xn∥2 ≤
(
α−2 + β−2

)
∥e∥2∞

for every n ∈ Z. Therefore

Shad(A) ≤
(
α−2 + β−2

)1/2
. (3.5)

Step 2: approximate eigenvectors at the edge. Since σs(A) and σu(A) are
compact and nonempty, there exist

λs ∈ σs(A), λu ∈ σu(A)
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such that
|λs| = ρs, |λu| = ρu.

Write
λs = ρse

iθs , λu = ρue
iθu , (3.6)

where θs, θu ∈ [0, 2π).
For a bounded normal operator, every spectral value belongs to its ap-

proximate point spectrum [17]. Applied to the normal restrictions As and
Au, this yields sequences of unit vectors

(vs,k)k≥1 ⊂ Hs, (vu,k)k≥1 ⊂ Hu

such that
∥(As − λsI)vs,k∥ −→ 0 (3.7)

and
∥(Au − λuI)vu,k∥ −→ 0 (3.8)

as k → ∞.
Fix an integer N ≥ 0. For every 0 ≤ j ≤ N , the identity

Aj
s − λj

sI =

j−1∑
ℓ=0

λ j−1−ℓ
s Aℓ

s(As − λsI)

implies, by (3.7), that

max
0≤j≤N

∥(Aj
s − λj

sI)vs,k∥ −→ 0. (3.9)

For the unstable component, observe that

A−1
u − λ−1

u I = −λ−1
u A−1

u (Au − λuI).

Hence (3.8) gives
∥(A−1

u − λ−1
u I)vu,k∥ −→ 0.

Applying the preceding �nite-power argument to A−1
u yields

max
1≤m≤N+1

∥(A−m
u − λ−m

u I)vu,k∥ −→ 0. (3.10)

Step 3: a past�future forcing. For each k ≥ 1, de�ne

e(N,k) = (e(N,k)
n )n∈Z ∈ ℓ∞(Z, H)
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by
e(N,k)
n := e−ijθsvs,k, n = −1− j, 0 ≤ j ≤ N,

e(N,k)
n := ei(j+1)θuvu,k, n = j, 0 ≤ j ≤ N,

e(N,k)
n := 0, otherwise.

(3.11)

The two nonzero parts in (3.11) have disjoint time supports, and all nonzero
entries are unit vectors. Therefore

∥e(N,k)∥∞ = 1. (3.12)

Let
x(N,k) := L−1

A e(N,k).

At time n = 0, the Green representation gives

x
(N,k)
0 = sN,k − uN,k,

where

sN,k :=
N∑
j=0

e−ijθsAj
svs,k ∈ Hs (3.13)

and

uN,k :=
N∑
j=0

ei(j+1)θuA−j−1
u vu,k ∈ Hu. (3.14)

By (3.6) and (3.9),∥∥∥∥∥sN,k −

(
N∑
j=0

ρjs

)
vs,k

∥∥∥∥∥ −→ 0 (k → ∞). (3.15)

Likewise, by (3.10), ∥∥∥∥∥uN,k −

(
N∑
j=0

ρ−j−1
u

)
vu,k

∥∥∥∥∥ −→ 0. (3.16)

Since sN,k ∈ Hs, uN,k ∈ Hu, and Hs ⊥ Hu,

∥x(N,k)
0 ∥2 = ∥sN,k∥2 + ∥uN,k∥2.
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Using (3.15) and (3.16), and recalling that ∥vs,k∥ = ∥vu,k∥ = 1, we obtain

lim
k→∞

∥x(N,k)
0 ∥2 =

(
N∑
j=0

ρjs

)2

+

(
N∑
j=0

ρ−j−1
u

)2

.

By (3.12) and the de�nition of Shad(A),

Shad(A) ≥ ∥x(N,k)∥∞ ≥ ∥x(N,k)
0 ∥.

Letting k → ∞ therefore gives

Shad(A)2 ≥

(
N∑
j=0

ρjs

)2

+

(
N∑
j=0

ρ−j−1
u

)2

. (3.17)

Finally, letting N → ∞ in (3.17) yields

Shad(A)2 ≥ 1

(1− ρs)2
+

1

(ρu − 1)2
= α−2 + β−2.

Thus
Shad(A) ≥

(
α−2 + β−2

)1/2
. (3.18)

Combining (3.5) and (3.18) proves (3.1).

Corollary 3.2. Let H be a complex Hilbert space and let A ∈ B(H) be an

invertible normal hyperbolic operator.

(i) If σu(A) = ∅, then

Shad(A) =
1

α(A)
. (3.19)

(ii) If σs(A) = ∅, then

Shad(A) =
1

β(A)
. (3.20)

Proof. We prove only the stable case, since the unstable case is analogous.
If σu(A) = ∅, then H = Hs and the Green representation reduces to

(L−1
A e)n =

∞∑
j=0

Ajen−1−j.
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Normality gives ∥Aj∥ = ρs(A)
j, and therefore

Shad(A) ≤ 1

1− ρs(A)
=

1

α(A)
.

The reverse inequality follows from the same �nite, phase-aligned approxi-
mate eigenvector construction used in the proof of Theorem 3.1, with the
unstable forcing omitted. Hence

Shad(A) =
1

α(A)
.

The purely unstable case is analogous to the stable one. If σs(A) = ∅, the
Green representation becomes

(L−1
A e)n = −

∞∑
j=0

A−j−1en+j.

Since A−1 is normal and
∥A−1∥ = ρu(A)

−1,

we obtain

Shad(A) ≤
∞∑
j=0

ρu(A)
−j−1 =

1

ρu(A)− 1
=

1

β(A)
.

For the reverse inequality, choose λu ∈ σ(A) such that |λu| = ρu(A) and
write λu = ρu(A)e

iθu . Using unit approximate eigenvectors associated with
λu and the �nite future forcing

ej = ei(j+1)θuvk, 0 ≤ j ≤ N,

with ej = 0 otherwise, the argument in Step 3 of Theorem 3.1 gives

Shad(A) ≥
N∑
j=0

ρu(A)
−j−1.

Letting N → ∞ yields

Shad(A) ≥ 1

ρu(A)− 1
=

1

β(A)
.

Therefore

Shad(A) =
1

β(A)
.
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Remark 3.3. In the mixed case, Theorem 3.1 gives the Euclidean combination

Shad(A) =
(
α−2 + β−2

)1/2
,

rather than the additive estimate

α−1 + β−1.

The additive expression is what one obtains for a general Banach-space split-
ting X = S ⊕ U : the estimate Shad(A) ≤

∑
k≥0 ∥Ak|S∥ +

∑
k≥1 ∥A−k|U∥ of

[11, Theorem 8], applied to the hyperbolic splitting of a normal operator and
combined with ∥Ak|S∥ = ρks and ∥A−k|U∥ = ρ−k

u , yields exactly α−1 + β−1.
The improvement to (3.1) is thus a direct consequence of two facts speci�c
to the present setting: the stable and unstable subspaces are orthogonal, and
their extremal responses can be generated by forcing supported on disjoint
parts of the time axis.

4. Stability Ratios and Sharpness

We now combine the exact shadowability formula with the hyperbolicity
margin introduced in De�nition 2.3.

We �rst identify the latter explicitly in the normal case.

Proposition 4.1. Let H be a complex Hilbert space and let A ∈ B(H) be a

normal hyperbolic operator. Then

rhyp(A) = dist(σ(A),T), (4.1)

where

dist(σ(A),T) := inf{|λ− z| : λ ∈ σ(A), z ∈ T}.

In particular, if both σs(A) and σu(A) are nonempty, then

rhyp(A) = min{α(A), β(A)}. (4.2)

If σu(A) = ∅, then

rhyp(A) = α(A), (4.3)

while if σs(A) = ∅, then

rhyp(A) = β(A). (4.4)
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Proof. For a normal operator and every z /∈ σ(A), the spectral theorem gives

∥(zI − A)−1∥ =
1

dist(z, σ(A))
, (4.5)

where
dist(z, σ(A)) := inf

λ∈σ(A)
|z − λ|.

Combining (4.5) with Proposition 2.4, we obtain

rhyp(A) =

(
max
z∈T

1

dist(z, σ(A))

)−1

= min
z∈T

dist(z, σ(A))

= dist(σ(A),T).

This proves (4.1).
Suppose now that both spectral components are nonempty. For λ ∈ C,

dist(λ,T) =
∣∣|λ| − 1

∣∣.
Hence

dist(σs(A),T) = 1− ρs(A) = α(A),

and
dist(σu(A),T) = ρu(A)− 1 = β(A).

Since
σ(A) = σs(A) ∪ σu(A),

it follows that
rhyp(A) = min{α(A), β(A)}.

The one-sided cases follow in the same way.

We can now state the second main theorem.

Theorem 4.2. Let H be a complex Hilbert space and let A ∈ B(H) be an

invertible normal hyperbolic operator. Then

1 ≤ rhyp(A) Shad(A) ≤
√
2. (4.6)

Both constants in (4.6) are optimal.
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If both σs(A) and σu(A) are nonempty, then

rhyp(A) Shad(A) =

[
1 +

(
min{α(A), β(A)}
max{α(A), β(A)}

)2
]1/2

. (4.7)

Consequently,

1 < rhyp(A) Shad(A) ≤
√
2 (4.8)

in the mixed case, and equality in the upper bound holds if and only if

α(A) = β(A). (4.9)

If the spectrum is one-sided, then

rhyp(A) Shad(A) = 1. (4.10)

Proof. Suppose �rst that both spectral components are nonempty. By The-
orem 3.1 and Proposition 4.1,

Shad(A) =
(
α(A)−2 + β(A)−2

)1/2
and

rhyp(A) = min{α(A), β(A)}.

Set
m := min{α(A), β(A)},
M := max{α(A), β(A)}.

Then
0 < m ≤ M,

and
rhyp(A) Shad(A) = m

(
α(A)−2 + β(A)−2

)1/2
=

(
1 +

m2

M2

)1/2

.

This proves (4.7).
Since

0 <
m

M
≤ 1,
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we obtain

1 <

(
1 +

m2

M2

)1/2

≤
√
2.

The upper equality holds precisely when

m = M,

which is equivalent to
α(A) = β(A).

Now suppose that σu(A) = ∅. By Corollary 3.2 and Proposition 4.1,

Shad(A) =
1

α(A)
, rhyp(A) = α(A),

and hence
rhyp(A) Shad(A) = 1.

The purely unstable case is identical, using

Shad(A) =
1

β(A)
and rhyp(A) = β(A).

Thus (4.6) holds in all cases.

Remark 4.3. In the mixed case, de�ne the spectral-balance parameter

η(A) :=
min{α(A), β(A)}
max{α(A), β(A)}

∈ (0, 1]. (4.11)

Then Theorem 4.2 may be written in the compact form

rhyp(A) Shad(A) =
√

1 + η(A)2. (4.12)

Thus the normalized shadowability constant is determined entirely by the
relative balance of the two spectral gaps.

We next give two examples illustrating the equality cases.

Example 4.4 (The lower constant). Let 0 < r < 1 and let

A = rI
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on any nonzero complex Hilbert space H. Then A is normal, invertible and
purely stable. We have

ρs(A) = r, α(A) = 1− r.

Hence

Shad(A) =
1

1− r

and
rhyp(A) = 1− r.

Therefore
rhyp(A) Shad(A) = 1.

Thus the lower constant in (4.6) is attained.

Example 4.5 (A balanced �nite-dimensional model). Let 0 < ε < 1 and
consider

Aε =

(
1− ε 0
0 1 + ε

)
acting on C2 with its standard Hilbert norm. Then Aε is normal, invertible
and hyperbolic, with

α(Aε) = β(Aε) = ε.

Therefore

Shad(Aε) =

√
2

ε
, rhyp(Aε) = ε,

and hence
rhyp(Aε) Shad(Aε) =

√
2.

Thus the upper constant in (4.6) is already sharp in dimension two.

The next example shows that the upper constant remains sharp in an
in�nite-dimensional setting with continuous spectrum.

Example 4.6 (Continuous spectrum and sharpness). Let

H = L2([0, 1])⊕ L2([0, 1]),

and �x

0 < ε <
1

4
.
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De�ne
Aε = Ms,ε ⊕Mu,ε,

where

(Ms,εf)(t) :=

(
1− ε− t

4

)
f(t), f ∈ L2([0, 1]),

and

(Mu,εg)(t) :=

(
1 + ε+

t

4

)
g(t), g ∈ L2([0, 1]).

Then Aε is a bounded normal operator. Its spectrum is

σ(Aε) =

[
1− ε− 1

4
, 1− ε

]
∪
[
1 + ε, 1 + ε+

1

4

]
.

Since 0 < ε < 1/4, the �rst interval lies strictly inside the unit disk and the
second lies strictly outside it. Hence Aε is invertible and hyperbolic.

Moreover,
ρs(Aε) = 1− ε,

and
ρu(Aε) = 1 + ε.

Therefore
α(Aε) = β(Aε) = ε.

By Theorem 3.1,

Shad(Aε) =

√
2

ε
,

while Proposition 4.1 gives
rhyp(Aε) = ε.

Consequently,
rhyp(Aε) Shad(Aε) =

√
2. (4.13)

The spectral endpoints 1− ε and 1 + ε belong to the spectra of the cor-
responding multiplication operators but are not eigenvalues. Thus sharpness
does not depend on the existence of spectral-edge eigenvectors.

Remark 4.7. Formula (4.12) also describes the two asymptotic regimes. If
η(Aj) → 0 along a family of mixed normal hyperbolic operators, then

rhyp(Aj) Shad(Aj) −→ 1. (4.14)

If η(Aj) → 1, then

rhyp(Aj) Shad(Aj) −→
√
2. (4.15)
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5. Concluding Remarks

We have determined the optimal uniform shadowability constant for in-
vertible normal hyperbolic operators on complex Hilbert spaces. In the mixed
case,

Shad(A) =
(
α(A)−2 + β(A)−2

)1/2
,

while in the one-sided cases Shad(A) = α(A)−1 and Shad(A) = β(A)−1.
Comparison with the operator-norm distance to loss of hyperbolicity yields
the sharp bound

1 ≤ rhyp(A) Shad(A) ≤
√
2.

The normalized quantity is determined entirely by the relative balance of
the stable and unstable spectral gaps. In particular, the exact formula is
not merely a re�nement of the existence of a bounded solution: it identi�es
that solution as the inverse of the di�erence operator and computes its norm
exactly.

Normality is essential to the present argument: it provides both the or-
thogonality of the stable and unstable spectral subspaces and the spectral-
edge approximate eigenvectors used in the sharpness construction. Proposi-
tion 2.5 requires no normality and yields the lower bound rhyp(A) Shad(A) ≥
1 for every invertible hyperbolic operator. The open question is therefore
not the lower bound but the upper one. Without normality, nonorthogonal
spectral projections and resolvent ampli�cation may substantially increase
the product, and a natural problem is to identify geometric or resolvent con-
ditions under which quantitative upper bounds for rhyp(A) Shad(A) persist
beyond the normal setting.
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